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Problems of dissipative instability (in particular, overheating) in 
magnetohydrodynamies has been studied in [1-6]. The Leontovieh 
mechanism of overheating instability is explained in [I] by the ex- 
ample of a stationary homogeneous plasma in a strong magnetic 
field along which current flows. The rate of buildup of pertt~bations 
is estimated in [2] to explain the effect of overheating instability on 
the operation of an MHD generator. The effect of inhomogeneity in 
the temperature field and in the boundaries of the region on the for- 

//// 
Z 

J 
5 

7. 

///// 
r 

/go 

F ig .  1 

/ 

k 2 

2~g 

marion of this instability has been studied by the example of dis- 
charge in a stationary medium in the absence of a magnetic field 
[3], Certain cases of overheating instability in magnetohydrodynamies 
are considered in [4, 6], where it is shown that it can be aperiodic as 
well as oseillatery (Alfven and acoustic waves). Finally, the hydro- 
dynamic and overheating branches of instability in the ease of non- 
isothermal plasma flow in a plane MHD channel was investigated in 
[6]. But the overheating instability was examined without allowance 
for the dependence of the viscosity and thermal-conductivity coeffic- 
ients on temperature in the limiting case S << R m << 1 and only for 
small perturbation wavelengths. 

The development of shortwave perturbations is studied below 
with allowance for viscosity and thermal conductivity and for a 
wider range of conditions A << 1. Overheating instability over the 
entire range of wavelengths for the ease considered in [6] is ,also stud- 
ied. 

1. S t eady  n o n i s o t h e r m a l  p l a s m a  flow in  a p l a n e  
MHD c h a n n e l  w a s  s t u d i e d  in [7 ,8] .  L e t  the  x a x i s  b e  
d i r e c t e d  a l o n g  t he  f low; l e t  t h e  y a x i s  b e  d i r e c t e d  
a l o n g  the  e x t e r n a l  h o m o g e n e o u s  m a g n e t i c  f i e l d  B,  a n d  
l e t  t he  z a x i s  be  d i r e c t e d  a l o n g  the  c o n s t a n t  e l e c t r i c  
f i e l d  E.  T h e  c h a n n e l  i s  b o u n d e d  b y  d i e l e c t r i c  p l a t e s  
a t  y = + l .  I t  i s  a s s u m e d  t h a t  t he  t r a n s p o r t  c o e f f i c i e n t s  
a r e  p o w e r  f u n c t i o n s  of t e m p e r a t u r e  

= ~o (T I To) ~, ~ = • (T / To) n, 

n = 11o ( r  / To) Y , (1 1 )  

w h e r e a 0 ,  ~0, and  ~?0 a r e  the  e l e c t r i c a l - c o n d u c t i v i t y ,  
t h e r m a l - c o n d u c t i v i t y ,  and  v i s c o s i t y  c o e f f i c i e n t s  a t  t he  
w a l l  t e m p e r a t u r e  T O . M o r e o v e r ,  i t  i s  a s s u m e d  t h a t  
t h e  a p p l i e d  f i e l d s  do not  u p s e t  t he  i s o t r o p y  of the  m e d -  
l u r e ' s  p r o p e r t i e s .  A s s u m i n g  t h a t  in  t he  s t e a d y  s t a t e  
a l l  v a l u e s  a r e  f u n c t i o n s  of y,  we  c a n  f o r m u l a t e  a n o n -  
l i n e a r  b o u n d a r y - v a l u e  p r o b l e m  w h o s e  s o l u t i o n  wi l l  
g ive  the  d i s t r i b u t i o n  of  v e l o c i t y ,  t e m p e r a t u r e ,  and  
o t h e r  v a l u e s  b e t w e e n  t he  p l a t e s .  T h i s  w a s  done  in [8] 
and  the  r e s u l t s  wi l l  b e  u s e d  in s o l v i n g  t he  e i g e n v a l u e  
p r o b l e m  fo r  p e r t u r b a t i o n  w a v e l e n g t h s  t h a t  a r e  c o m -  

p a r a b l e  w i th  o r  g r e a t e r  t h a n  t he  d i s t a n c e  b e t w e e n  t h e  
p l a t e s .  T h e  v e l o c i t y ,  t e m p e r a t u r e ,  and  c u r r e n t - d e n -  
s i t y  d i s t r i b u t i o n s  a r e  f u n c t i o n s  of t he  s i x  s i m i l a r i t y  
p a r a m e t e r s  : 

a, 9, T, M = B I  t ~ )  ' 

K = E~lo j ~- I.,B 14p ~ 
--l~p'~ or 2pt '  N = ~0~oTo ' (1 2 )  

w h e r e  p i s  the  p r e s s u r e  g r a d i e n t  a l o n g  the  f low and  I 
i s  the  c u r r e n t  p e r  un i t  l e n g t h  of c h a n n e l .  B e s i d e s  
t h e s e  p a r a m e t e r s ,  t he  i n d u c e d  m a g n e t i c  f i e l d  B x i s  

a l s o  a f u n c t i o n  of the  m a g n e t i c  R e y n o l d s  n u m b e r  R m .  
L e t  us  f o r m u l a t e  t h e  p r o b l e m  of t he  s t a b i l i t y  of  the  

d e s c r i b e d  s t e a d y  s t a t e  w i t h  r e s p e c t  to  t w o - d i m e n s i o n -  
a l  p e r t u r b a t i o n s  w h i c h  a r e  of p a r t i c u l a r  i n t e r e s t  in  
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Fig. 2 

view of the flow geometry. The perturbations u', v ' ,  
Bx', By', J r "  and T' ,  which are functions of x,y, and 
z, c a n  e x i s t  in  t h i s  c a s e .  A g e n e r a l  s y s t e m  of equa -  
t i o n s  fo r  the  p e r t u r b a t i o n s ,  w h i c h  s i m u l t a n e o u s l y  
t a k e s  in to  a c c o u n t  the  e f f e c t  on s t a b i l i t y  of h y d r o d y -  

n 
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namic,  e lec t rodynamic ,  and thermal  effects, is giv- 
en in [61. 

Below, we shah l imi t  our examinat ion to the case 
in which velocity per turba t ions  a re  smal l  and the de-  
velopment  of ins tab i l i ty  is de te rmined  by the dynamics  
of c u r r e n t - d e n s i t y  and t empera tu re  per turbat ions .  
This  is the case when the condit ions [61 

B ~ ~f Trio 
A - - - - - - 7 ~ - ~  t,  ~ -- p t v . , ~ t  (1.3) 

are  sat isf ied.  
Here A is the Alfven number ,  H is the Reynolds 

number ,  g is the permeabi l i ty ,  p is the densi ty,  and 
v* is the cha rac t e r i s t i c  flow velocity.  It is conven-  
ient to introduce the s t r eam flow function for m a g -  
netic -field per tu rba t ions  

B x ' = o c p / o g ,  B u ' = - - O : p / O x ,  i ~ ] , ' = - - A ~ P .  ( 1 : 4 )  

If we let 0 denote the t empera tu re  per turba t ion ,  
it is easy to wri te  the ini t ial  sys tem of equations 

~- = ~ A , ~ +  

oo 

-+- [--  [~• T)'~ + (y - -  ~) ~1~-- a 

- - (c r  B ) ~ ] 0 - - 2 Z  (1.6) 

where v, T, and j are  the velocity,  t empera tu re ,  and 
cu r r en t  densi ty  in an unper turbed flow; c is the spe -  
cific heat; ~, ~4, and ~? are  defined according to (1.1); 
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the p r imes  indicate  d i f ferent ia t ion with r e spec t  
to y. Let us introduce the following d imens ion less  
values (pr imes will be Omitted below): 

t '  t v *  X '  = x y 
- -  1 ' l '  Y ' =  ' 

(p Ur V 
q) '  - -  B I  ' = ~-i ' 

], i T '  T O' 0 
= g V g ,  = T o '  = ~o' 

a' ~ • • q' ----- -" (1.7) 
= :~ ' = ~ ' n0 " 

Then we can rewr i te  Eqs. (1.5) and (1.6) in d i m e n -  
s ion less  form 

o--/ + v ~ = ~ T a ~ + ~ 0 '  (1.8) 

a0 00 i 2B (in T ) ' 0 0  

_ ( a +  ~)8 N~_ e i 

R m = ~ o v , l  ' p __ I v * p c  
g o  

rloV*~ S = A R m ,  N p = ~l~ ) 
Q = ~-~-g ' m / (1.9) 

where R m is the magnetic  Reynolds number ,  P is the 
Peclet  number ,  Q is a the rmal  pa r a me t e r  s imi l a r  to 
(1.2), S is the hydromagne t i c - in te rac t ion  pa rame te r ,  
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and Np is the Prandtl number. Since the coefficients 

of (1.8) and (1.9) are functions only of y, the system 

is solved in the form 

= ~ (y) exp ( i k x  - -  icot) (co = (o r 4- iei), (1.1 0) 

where k is the d imens ion less  wave number  and w is 
the d imens ion less  osci l la t ion frequency.  Equations 
(1.8) and (1.9) mus t  be solved under  the ampli tude 
boundary condit ions 

0 ( •  l) = o, (~' / ~)_+,= T- k. (1.11) 

2. Let us study the behavior of "shortwave" per- 
turbations when the characteristic dimension for the 
variation in the amplitude of perturbation Xy is small 
in comparison with the scale for unperturbed values 

l. If we represent the amplitudes in quasi-classical 
form 

~(y) = exp l i  i k ~ d y ) ,  (2.1) 
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w h e r e  ky i s  a s l o w l y  v a r y i n g  f u n c t i o n  of  y, t he  c a s e  in 

q u e s t i o n  c a n  be  d e f i n e d  by  t h e  c o n d i t i o n  Iky[ >> 1. 

Le t  us  a s s u m e ,  f i r s t  of a l l ,  t h a t  t he  v i s c o s i t y  and  

t h e r m a l - c o n d u c t i v i t y  c o e f f i c i e n t s  a r e  a p p r o x i m a t e l y  
c o n s t a n t .  T h i s  o c c u r s ,  f o r  e x a m p l e ,  w i t h  t he  d e n s e  
l o w - t e m p e r a t u r e  p l a s m a  of MHD g e n e r a t o r s ,  w h i c h  
i s  c h a r a c t e r i z e d  b y  a s t r o n g  c o n d u c t i v i t y - t e m p e r a t u r e  
d e p e n d e n c e  ( a p p r o x i m a t e d  b y  t h e  f o r m u l a  ~ ~ exp  ( - A / T )  
o r  (r ~ T i ~  If we le t /3  = y = 0, i f  we e l i m i n a t e  0 

f r o m  (1.9)  b y  u s i n g  (1.8) ,  a n d  i f  we d r o p  t he  t e r m s  
~ k y  -1, we o b t a i n  

q~rv _ [2k2 + (~R.~ + P) l - -  aHg] q0" + {k ~ + 

+ k ~ [(zB,. + P ) / - -  aIIg] + 

+ z n d  ( P / +  a[Ig)} ~0 = 0 ,  

? 
] =i(kv--coh g=~-T, 

n = SQ tt = i*~l' -- zoB~v*~l~ (2.2) 
OouoTo~ "goT o 

T h e  d i m e n s i o n l e s s  n u m b e r  aH m a y  be  c a l l e d  the  
o v e r h e a t i n g  p a r a m e t e r .  If  Eq .  (2.2) a d m i t s  of f i n i t e  
s o l u t i o n s  [9],  in  t he  q u a s i - c l a s s i c a l  a p p r o x i m a t i o n  
(2.1) we o b t a i n  t he  f o l l o w i n g  d i s p e r s i o n  e q u a t i o n :  

(L~ ~ + k~Y - -  (k~ ~ + k ~) [ - -  (]L, + P)  l + 

+ a I I ]  + B ~ / ( P / +  a l l )  = 0 ,  (2.3) 

w h e r e  ky,  f ,  R m ,  and  II a r e  the  v a l u e s  of the  s l o w l y  
v a r y i n g  f u n c t i o n s  ky,  f ,  e R m ,  ~and r ig  a t  a s p e c i f i c  p o i n t  

Y0. If we r e q u i r e  t h a t  the  r o o t s  of Eq.  (2.3),  q u a d -  

r a t i c  in  f ,  l i e  in  t h e  l e f t  h a l f p l a n e ,  i t  i s  e a s y  to  o b t a i n  
t he  s t a b i l i t y  c r i t e r i a  

(k~ ' + k ~) (1 + P /// ,~) + a n  > 0, 

(ky 2 + k z) - -  aII > 0 .  (2 .  4) 

If  c~ > 0, i n e q u a l i t y  (2.4.1) i s  a u t o m a t i c a l l y  s a t i s -  
f i ed ,  and  we a r r i v e  a t  c o n d i t i o n  (2.4.2), w h i c h  w a s  

o b t a i n e d  e a r l i e r  [6] f o r  R m << 1. If  ce< 0, i n e q u a l i t y  
(2.4.2) i s  s a t i s f i e d  i d e n t i c a l l y  and  t he  s t a b i l i t y  c r i t e r -  
ion i s  e x p r e s s e d  b y  t he  w e a k e r  c o n d i t i o n  (2.4.1). T h u s ,  
w e  f ind t h a t  o v e r h e a t i n g  i n s t a b i l i t y  i s  p o s s i b l e  w h e n  

R m  ~ 1 and  a t  n e g a t i v e  a .  

Let us return to t he  question of the  ex i s tence  of f inite solutions 
of Eq. (2.2).  We represent the fourth-order operator on the lef t  of 

(2. 2) as a product of two second-order  operators, using thei r  c o m m u -  
t iv i ty  in a quas i -c lass ica l  approximat ion with accuracy to terms of 

D4cp+ (r + s) D2~ § rsq~ = (D~ + r)X 

d 
x (D~ + ~)~ + 0 (ku-r) (D = ~ ) .  (2.5) 

(. 

Hence, for r and s we have  

r § s = - -  2k~ - -  [(zR., § P) l - -  ~IIg], 

rs  : k a ~- k ~ [(6R m § P) ] - -  aIIg] § zRml  (-Pl -}- aIIg) . (2 .6)  

In general ,  formulas (2.6) a l low us to reduce the analysis to the 
study of two second-order equations,  but these expressions for r and 

s are cumbersome. For s impl ic i ty ,  we shall  Limit ourselves to the case 
of R m << P, which has a fair ly wide range of appl icabi l i ty .  Then i t  
is easy to show that  Eq. (2 .2)  can  be wri t ten as 

(D ~ - -  k 2) (D 2 - -  k~ - -  P /  +ccIIg)  ~ = 0 .  (2.7) 

Thus, the problem reduces to invest igat ion of the solutions of a 
SchrOdinger equat ion with the complex  potent ia l  U + iV 

~"--(u + iV) r = 0, 

U = k  ~ - a I I g  +o)tp , V = P ( k v - - ( o  r ) .  (2. 8) 

The in i t i a l  steady state is symmet r i c  in y, and i t  can  be seen 
that  the rea l  part of the  potent ia l  has the form of a wel l  and the i m a -  
ginary part, the form of a hump. If V = 0 ,  finite solutions exist. The 
finiteness condition is found by joining the solutions that decay at 
both infinities with the oscillating solutions within the well at the re- 
versal points and it is the phase integral (Bohr quantization condition). 
It has been shown [9] that the quasi-classical approximation can also 
be used for equations of the form of (2.8), when the imaginary part 
of the potential is not zero, if complex reversal points are used. The 
finiteness condition is the phase integral taken along the line zc, 
which connects the reversal points, where lm[U(Ze) + iV(zc] = 0, 
and all values are real if the semiaxes y --~ e,r and the lines lZct -'~ 
--->co lie in a single region bounded by the two anti-Stokes lines [10] 
To draw qualitative conclusions about stability, however, it is not 
necessary to find precisely the frequency spectrum from the phase in- 
tegral, since for each eigenvalue of the frequency r there is a 
point yn in the localization region r such that 

V (Yn' ~ k) = 0, 

k " k) = 0 .  (2.9) Re y" (Yn) -}- U (Yn' (On' 

If we apply this rule  to Eq. (2 .8) ,  we find at the boundary of 

the s tabi l i ty  region (wi = 0) 

kv (Y0) = %, ky*" (Y0) § k*" - -  ctIIg (Yo) = 0 (2.10) 

where y0 is a point within the flow core. Expression (2.10) coincides 
with formula (2.4.  2). To find the exact  ins tab i l i ty  boundaries and 
the increments,  the problem should be  solved by ca lcu la t ing  the 

phase in tegral  at  g iven  U(z) and V(z). 
We can  prove the ex is tence  of f ini te  solutions for Eq. (2.8)  and 

derive conditions such as (2. 10) by expanding the po ten t ia l  U + iV 
in series near the axis of the channel  and by solving the SchrOdinger 

equat ion for a harmonic  osci l la tor ,  as was done, for example ,  in 

Jill. 

3. Now le t  us  e x a m i n e  the  e f f e c t  of  t h e r m a l  c o n -  

d u c t i v i t y  and  v i s c o s i t y  on  t h e  d e v e l o p m e n t  of i n s t a -  

b i l i t y .  We s h a l l  l i m i t  o u r s e l v e s  to t he  c a s e  w h e n  R m  << 

<< 1. T h e n ,  i t  f o l l ows  f r o m  Eq.  (1 .8 )  t h a t  

A~ = - -  a/C,d0 / r (3.1) 

w h i c h  a l l o w s  us to  e l i m i n a t e  ~0 f r o m  Eq.  (1 .9 ) .  If we 
l e t  X = Trio, a f t e r  f o r m a l  t r a n s f o r m a t i o n s  i t  i s  no t  
d i f f i c u l t  to o b t a i n  

x " +  [ - - ~ ( i  + ~ ) ( l n  T ) ' ~ - -  

I]V'~ 
- -  ~ ( ln T ) " - -  k~ + (r  - -  9) q - ~ -  + 

+ (a - -  ~) II ~ T  - -  iP -. X = 0 �9 (3.2) 

T h e  t e m p e r a t u r e  v a r i a t i o n s  in  t he  c h a n n e l ,  u n d e r  
t h e  c o n d i t i o n s  of t h e  p r o b l e m ,  a r e  a s s u m e d  to  b e  r e -  
l a t i v e l y  s m a l l  and  the  n u m b e r  fl ~ 1; t h e r e f o r e ,  we  
c a n  d r o p  the  f i r s t  two t e r m s  in t he  b r a c k e t s  in  Eq.  (3.2). 
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T h u s ,  we  a r r i v e  at  an equa t ion  of the  (2.8) type  wi th  

an add i t i ona l  t e r m  g o v e r n e d  by v i s c o u s  e n e r g y  d i s s i -  

pa t ion .  

If a a n d y  >fi ,  the  r e a l  p a r t  U r e p r e s e n t s  a poten-  

t ia l  we l l  w h o s e  dep th  is  p r o p o r t i o n a l  to the  o v e r h e a t -  

ing  p a r a m e t e r  (c~ - fi)II. The  dep th  of the  wel l  i s  f u r -  
t h e r  i n c r e a s e d  if c~ > fi > ~/ by  a va lue  p r o p o r t i o n a l  to 

(fi - 7)Q- D t h e r w i s e ,  w h e n  c~ < fi, the  r e a l  p a r t  of the  
p o t e n t i a l  has  the  f o r m  of a hump .  The  he igh t  of the  
h u m p  is  p r o p o r t i o n a l  to (t3 - c~)II, if fi > T a n d  i n c r e a s e s  

by ~(T - / 3  )Q i f  fi < 2/. The  e x i s t e n c e  of f i n i t e  s o l u -  
t ions  fo r  Eq. (3.2) when the  r e a l  p a r t  of the  p o t e n t i a l  

U is  a we l l  was  d i s c u s s e d  above .  If V =0 and U is  a 

h u m p ,  t h e r e  a r e  no f in i t e  s o l u t i o n s .  But the  p r e s e n c e  
of the  i m a g i n a r y  p a r t  V can  c a u s e  f in i t e  s o l u t i o n s  to 
a p p e a r  even  when  U is  a h u m p ,  as  w a s  s h o w n  in  [9] by  

the  e x a m p l e  of an equa t ion  fo r  a c o m p l e x  " i n v e r t e d "  

o s c i l l a t o r .  T h i s  c i r c u m s t a n c e ,  and a l s o  the  c o n t i n -  
uous d e p e n d e n c e  of the  s o l u t i o n s  of (3 .2)  on the  p a r -  
a m e t e r s  c~, fi, and % fo r  s h o r t w a v e  p e r t u r b a t i o n s  

a l l ow s  us to use  q u a s i - c l a s s i c a l  a p p r o x i m a t i o n  (2 .1) ,  

which  g i v e s  r i s e  to the  s t a b i l i t y  c r i t e r i o n  

G~ + ~ > ( ~ - -  [3) rt + (7--  ~) Q, (3.3) 

w h e r e  ky, 11, and Q a r e  the  va lue s  of t he  s l owly  v a r y -  
ing  f u n c t i o n s  ky,  Ilj2/cr',~T, and Q~?v'2/~T at s o m e  poin t  

Yo. 

Formula (3.3) makes possible qualitative analysis of the effects 
of various factors onstability, as welt as determination of the possi- 
ble mechanisms of dissipative instability. The first term on the 
right of (3.3) is determined by the presence of Joule heating, and 
the second, by viscous dissipation. The effect of thermal conducti- 
vity mamfests itself primarily through the index ~. Regardless of a 
and y, it is apparent from (3.3) that when ~ > 0, thermal conducti- 
vity promotes flow stability, while when/3 < 0, it can be a cause of 
dissipative instability. For example, when a = y = 0, instability can 
occur, the physical meaning of which consists in the following. With 
slight overheating of an element of the medium, the thermal- 
conductivity coefficient and, therefore, the heat flux from that 
element are reduced, which leads to even greater overheating. The 
mechanism of viscous dissipative instability is related to the index y, 
if y > 0. Its physical meaning is similar: with accidental overheating 
of an element of the fluid, the viscosity coefficient and, consequently, 
the viscous energy dissipation in the element increase, which results 
in further heating of the element. It should be noted that these in- 
stability mechanisms can also occur in ordinary hydrodynamics. In 
contrast to these mechanisms, the Leontovich overheating instabil- 
ity associated with the index c~ is a result of the dependence of con- 
ductivity on temperature and Joule energy dissipation. 

As can be seen from (3. 3), all or part of these instability mech- 
anisms can appear in the problem in question, depending on the re- 
lationships between the parameters c~, ~, and y. In particular, it is 
not difficult to see that viscous dissipation can stabilize the instability 
caused by Joule heating, and vice versa. Different versions may be 
examined in the specific selection of c~, ~, and y. 

4. F i n a l l y ,  l e t  us e x a m i n e  o v e r h e a t i n g  i n s t a b i l -  
i ty  w i thou t  a s s u m i n g  s m a l l  p e r t u r b a t i o n  w a v e l e n g t h s .  
F o r  s i m p l i c i t y ,  we  sha l l  l i m i t  o u r s e l v e s  to t he  e a s e  
when  R m << 1 and i g n o r e  the  e f f ec t  of c h a n g e s  in t h e r -  
m a l  c o n d u c t i v i t y  and v i s c o s i t y .  T h e n ,  a s s u m i n g  tha t  
fi = y = 0, f r o m  (3.2)  we  ob ta in  

L (0) = 0" ~- [ iP  (oJ - -  kv )  - -  (k  ~ - -  aIIg)] 0 = 0. (4.1) 

This equation should be solved with homogeneous 
boundary conditions (1.11). SinceEq. (4.1) is ~ symme- 
tric in y, it is sufficient to consider separately the 
cases of even and odd perturbations in the interval 
(0, i). The conditions 

0' (0)  = 0 ,  0(1) = 0 ;  0(0) = 0 ,  0 ( i )  = 0  (4 .2)  

r e s p e c t i v e l y ,  m u s t  be  s a t i s f i e d  fo r  e v e n  and odd s o l u -  

t i o n s .  
We s h a l l  use  the  G a l e r k i n  m e t h o d  to so lve  the  e i g -  

en v a l u e  p r o b l e m  fo r  (4.1)  and (4.2) .  We take  a s e t  of 

n o r m a l i z e d  a p p r o x i m a t i n g  func t i ons  ~n(Y) tha t  s a t i s f y  

b o u n d a r y  c o n d i t i o n s  (4.2) .  If we  a p p r o x i m a t e  t he  s o -  

lu t ion  wi th  the  s u m  

0 = CI~A+ . . .  + Cp% (4.3) 

from the requirement that the residue of the equation 
be orthogonal to the approximating functions we ar-  
rive at the system of algebraic equations 

C .  % ~ L ( @ ~ l d y = O  (n,,n = l, 2 . . . . .  p) .  (4 .4)  
n = t  0 

Thus, the problem reduces to investigation of the 
characteristic equation--the determinant of system 
(4 .4)  

- -  ( k2 N . . ~  - -  ~F; g,~,3 { = 0 

1 1 

o o 

1 

" " "  = f �9 (4 .  a /  
0 

C a l c u l a t i o n  of the  f i r s t  e i g e n v a l u e ,  w h i c h  d e t e r -  

m i n e s  the  b o u n d a r y  of the  s t a b i l i t y  r e g i o n ,  is  of p a r -  

t i c u l a r  i n t e r e s t .  If  we le t  w i = 0, if we  equa te  the  

r e a l  and i m a g i n a r y  p a r t s  of (4 .5)  to z e r o ,  and if we  

e l i m i n a t e  Wr f r o m  the  two o b t a i n e d  e q u a t i o n s ,  we  can ,  
in p r i n c i p l e ,  ob ta in  fo r  f ixed  P and c~ an equa t ion  of 
the  f o r m  

F(k 2, H ) = 0 .  (4.6) 

T h i s  equa t ion  in the  p l ane  (k 2 , II ) d e f i n e s  a n e u t r a l  

c u r v e  tha t  s e p a r a t e s  the  s t a b i l i t y  r e g i o n  (w i < 0) f r o m  
the  i n s t a b i l i t y  r e g i o n  (w i > 0). It i s  e a s y  to  v e r i f y  tha t  
in f i r s t  a p p r o x i m a t i o n  the  c h a r a c t e r i s t i c  equa t ion  h a s  

the  f o r m  

O~ r = k v i l  , Pc) i = -  Nil '  - -  k 2 @ a l l g , 1  (4 .7)  

T h u s ,  the  n e u t r a l  c u r v e  is  a s t r a i g h t  l ine  wi th  the  
s l o p e  (~gi t )  - i .  The  a c c u r a c y  of the  f i r s t  a p p r o x i m a -  

t ion is  not  g r e a t ,  h o w e v e r ,  and the  d e p e n d e n c e  of t he  
s t a b i l i t y - r e g i o n  b o u n d a r y  on P d o e s  no t  a p p e a r  in it .  
T h e r e f o r e ,  c a l c u l a t i o n s  w e r e  m a d e  in s e c o n d  a p p r o x -  
i m a t i o n .  The  fo l lowing  s e t s  of a p p r o x i m a t i n g  f u n c -  
t i o n s  : 

~Pn (1) = N n  (1 - -  y~'~), ~,~(~) = N n  (ch n - -  ch ny) ,  

~(3) = ]/~-sin n ~ y  (n >~f) , (4 .8)  
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w h e r e  N n a r e  n o r m a l i z a t i o n  f a c t o r s ,  w e r e  u s e d  f o r  
e v e n  a n d  odd  p e r t u r b a t i o n s ,  r e s p e c t i v e l y .  In  t h e  c a l -  
c u l a t i o n s ,  t h e  c u r r e n t  d e n s i t y  J = 0, t h e  t h e r m a l  p a r -  
a m e t e r  N = 1, a n d  t h e  i n d e x  ~ = 10 [8] . 

A series of neutral curves for various Hartmann numbers M (in- 
dicated on the curves) when P = 1 for even perturbations is plotted 
in Fig. I on the (k ~, E) axes. The stability region is located under the 
neutral curve. When k ~10, the boundary of the stability region is 
a straight line, in accordance withthe results of quasi-classical theory 
(2.4.2) and (2.10). It is also apparent from Fig. 1 that the slope of the 
curves and, therefore, the stability region are reduced as the mag- 
netic field is increased. 

The effect of thermal conductivity on stability can be seen from 
Figs. 2 and 3, in which neutral curves are plotted for M = 0.1 and 1 
and M= 3,5, and 7, respectively, at P= 1,10, and 100 (indicated 
on the curves). (For eonveulenee, the groups of curVes for various M 
are shifted upward along the axis of the ordinates by a distance of g. ) 
It should be noted that the curves with P << 1 are practically the same 
as the line P = 1. At sufficiently high k, the neutral lines for fixed 
M become straight lines with the same slope, regardless of P. This 
agrees with the results of quasi-classical theory (2.4. 2) and (2.10) 
(as P increases, the range of values k ~ P increases, in which con- 
vergence of the line slopes occurs). It follows from Figs. 2 and 3 
that for intermediate and short wavelengths an increase in P results 
in a certain increase in the stability region. With an increase in M, 
however, the effect of P is reduced, and the neutral curves begin to 
merge. The solid lines in Figs. 1-3 show the results of calculations 
with power functions (4. 8.1). For comparison, the dashed lines show 
the neutral carves calculated with the expenential functions 0n (z) at 
P = 1. As can be seen, the results are virtually independent of the 
choice of the set of approximating functions. The calculations made 
with functions (4. 8.2) showed that the boundary of the stability re- 
gion is determined by even perturbations. The neutral curves for the 
odd perturbations are situated in the instability region relative to the 
even perturbations. 

In conclusion, the following fact should be pointed out. For 
shortwave perturbations, according to (2.10) and (3. 2), the phase 
velocity of the wave is independent of k. Appreciable dispersion 
occurs in the case of intermediate and long waves. Figure 4 shows a 
series of curves for P = 1 that show (~o/k) as a function of k z for neu- 
tral oscillations. At high k, the curves become constant, in accord- 
ance with (2.10) and (3. 2); when k ~ 10, they have a hump. The 
figures on the curves indicate the M value, i . e . ,  the wave velocity 
increases with an increase in the field. If we know (w/k) at high k 
from an exact solution and determine the coordinate y0 using (2.10)0 
we can verify that the slopes of the curves as calculated exactly and 
with (2.10) coincide. 

The author thanks Yu. M. Zolotaikin for programming and per- 
forming the calculations. 
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